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1. BBenenue

B paccmarpuBaemMoit HaMu 00J1aCTH MaTeMaTHKHI, JIeXKallell Ha CThIKe reoMeT-

PUM U TEOPpUN duceJI, MCTOPUICCKU CJIO2KMJIaCh OIIpe/e/ieHHasd TePMUHOJIOT A
1,2, 3].

Hukmmaecknuit maoroyroipauk (Cyclic Polygon) - MHOrOyrosbHuK, BCe Bep-
HIMHBI KOTOPOI'O JIezKaT Ha OJHON OKPY2KHOCTU, HA3bIBAEMOH OIIMCAHHON OKPY K-
HOCTBIO.

Muoroyroabsauk ['epona (Heron Polygon) - MHOrOYroIbHUK, Y KOTOPOTO JIJTH-
HBI BCEX CTOPOH, BCEX JINaroHaJjell U IO b BBIPAXKAIOTCS IEIbIMI JHCIa-
MU.

Muoroyroapauk Bpaxmarynrer (Brahmagupta Polygon) - nukiimaeckuit MuO-
rOyTOJIBHUK, KOTOPBIN TaKzKe SBJISeTCs MHOTOYTOJIBHIKOM ['epona.

Bo Bcex omybimkoBanHbIX paborax ([1,2,3], - kak mpuMep), Kak MpaBmIIoO,
U3YYal0TCA MHOTOYTOJILHUKHI C PAIMOHAJILHBIME UK IIEILIMA He 00A3aTeIbHO
Pa3HBIMU CTOPOHAMH, PAIMOHATLHBIMY UM NEJIBIME JUATOHAJISIMA U TLIOMIA-
JIbIO, UCCJIEJYeTCsl MOJUHOMUAIbHAS 3aBUCUMOCTD MEXK/Ly JJIMHAMU CTOPOH
U ILIOIIAJBIO U TaK JaJiee.

B nammnoit pabore MbI Oy/IeM HAXONUTH U CTPOUTDH ITUKINIECKIE N-yTOJTbHIKH
C Pa3HBIMU IEJLIMUA CTOPOHAMU A1, A2, ..., Gy, 4 € N,k € {1,2, ...,n},a1 <
as < ... < Gy, U TEJBIM PAJUYCOM OIMMCAHHON OKpyzKHOCTH 1" € N.



HpI/I 9TOM, JHalr'OHaJIu U IIJIOH[aJW TaKUX MHOI'OYT'OJIbHUKOB 6y,ZLyT, BOO6HL€
T'OBOp4d, nppalnuoOHaJ/IbHBI. PaL[I/IOHa.HI)HbIMI/I 1 OeJIbIMU OHU MOT'YT OKa3aTb-
Cd TOJIBKO B OTJAEJIbHBIX DEJIKUX CJIyYdadX.

C TouKu 3peHus JaHHON cTaThu, 3aJa9a COCTOUT B TOM, YTOOBI HAWTH yCJIO-
BUs, IPX KOTOPBIX MOYKHO Pa3MECTUTH JIOMAHYIO C IIEJ0UNCTEHHBIME JIJTTHA-
MU 3BEHBEB 71, A3, ..., Ay W BEPIIXMHAME YIJIOB Ha OKPYYKHOCTH 1IEJIOI0 PAJINyca
T Tak, YTOObI OHA 3aMKHYJIACh B N-YTOJBHUK (IIOCTIE/HssI BEPIINHA COBIIAJIA
OBl C TIEPBOIA).

2. O6mue coobpakeHusi 1 TEOPEMBI




PaccmoTpum ob1miumii ciry4ail BBITYKJIOTO N-yTOJBHUKA CO CTOPOHAMU @1, A2, ..., Up,
BIIMCAHHOI'O B OKPY2KHOCTB pajuyca 7. [IpoBegem u3 ero nenrpa pajuycbl B
Ka2KJIyI0 BEPIIUHY 1 0003HAYUM YTJIbI, C BEPITUHAMU B IIEHTPE OKPY2KHOCTH,
qepes o, (g, ..., Oy, COOTBETCTBEHHO CTOPOHAM (1, A2, ..., (y,.

OHpe,H‘eJIHIOIH,I/IM ycjaoBueM TOro, 94To BCe€ BEPHIMHBI MHOI'OYT'OJIbHHUKa JIe2KaT
Ha ONHUCAHHOI OKPY2KHOCTH fBJIdE€TCAd PaBEeHCTBO 2m CYMMBbI BCeX HEHTPaJIb-
HbIX YIJIOB:

041+042+...+04n:27r (1)

OHyCTI/IB NNEePHIEHAUKYJIAPbI U3 HEHTPa OKPY2KHOCTHU Ha CTOPOHBI MHOI'OYT'OJIb-
HHUKa, U3 IIOJIYYE€HHbIX IIPAMOYI'OJIbHBIX TPEYTI'OJIbHUKOB BBIBOAUM COOTHOIIIE-
HUA:

. O Qg
—)=—k={1,2,..
sm(Q) o {1,2,...,n}
Takum o6pa3omM, paBeHCTBO (1) OKA3bIBAETCsI IKBUBAJIEHTHO CJIEJIYIOMIEMY:
a a an
arcsz’n(Q—;a) + arcsm(i) + ..+ arcsin(g) = (2)

PacemorpuMm Terepb 1 KOMIIEKCHBIX YHUCENT 21, 29, ..., 2, C PAIMOHATLHBIMU

al ag a ] .
MHIMBIME HaCTAMHI §, 52, ..., 6%, JIeyKaluxX Ha eJIMHITHOH OKPY’KHOCTH:
)
2_ 3 <3>
YaurbiBast, 9T0 MOJYIHN |z1| = |29| = ... = |2,| = 1, a aprymenrsl 21, 22, ..., 2,

e i i
PaBHbI COOTBETCTBEHHO arcsin(gt), arcsin(g?), ..., arcsin($*), mepenuieM Ha-
I 9HUCJIa B IIOKa3aTeJbHOI dopme:

arcsin( ;—2 )i

- __arcsin(%r)q
,29 = € yeeyZp — € (%)

. ail .
2 = earcszn( 5 )i

Terepb HETPY/IHO 3AMETHUTh, YTO PABEHCTBO (2) SKBUBAJIEHTHO TOMY, ITO IIPO-
U3BeJICHUE KOMILIEKCHBIX YUCET 21, 22, ..., Zp JOJKHO OBITH paBHO -1.

21 29 e 2y = —1 (4)
leiicTBUTEIBHO,

arcsin( ;—i)Jrarcsin(;—f)Jr“.Jrarcsm( ) i —1

Z1 22" ... 2p —E€ =€ =



To ectb, ecau BbIIONHAETCS (2), TO BbImoaHsAeTCA (4) U 0OpATHO, €CN BbI-
nostsiercs (4) to Beimosasercd (2): e = cos(p)+i-sin(p) = —1=>¢ =
(B ycioBusix Harmeii 3aaan npegmoaaraeM, 9o 0 < ¢ < ).

Takum 06pa3oM, Mbl MOIYIHIN (DyHIAMEHTaIbHOE ypaBHeHue (4) s Ha-
XOYKJIEHUS N-YTOJBHUKOB C TIEJIBIMU JI/IMHAMK CTOPOH, BIIMCAHHBIX B OKPY K-
HOCTH C TIeJIBIM pajuycoM. Tenephb HYXKHO HCCIEI0BATH, KaK JIOOUTHCA €ro
BBITIOJIHEHNSI B T€X WM MHBIX KOHKPETHBIX CJIydasX.

st masbHeiinero HaMm moTpedyeTces JJ0Ka3aTh Psiji BCIIOMOTaTeIbHBIX YTBED-
JKJICHUI.

Jlemma 1. IIpousseienne 1ByX KOMILIEKCHBIX YUCes a+bi 1 ¢+ di, JexKarmx
HE eIMHUYIHON OKPYKHOCTH, TOTJa U TOJBKO TOIJa PABHO 4, KOIJAa ¢ = b u
d = a, TO ecThb Korua ¢ + di = b + ai.

HokazareabcTBo. Tak Kak 006a 4mcIa HAXOIATCA HA €IMHUIHON OKPY2KHO-
cru, To a’+b* = 1u ?+d? = 1. Ouesngno, (a+bi)- (b+ai) = (a®>+b?)-i = i.
O6parno, u3 ycnosust (a + bi) - (¢ + di) = i ciegyer

ac—bd =0
ad +bc =1

YMHOXKUB BTPOE PABEHCTBO Ha ¢ U BOCIOJIB30BABIIUCH TEM, 4TO ac = bd u3
IEePBOro paBeHcTBa, noayunM acd + bc? = bd* + bc? = b(d* + ) = b = c.

Tenepb, mojcTaBUB ¢ BMECTO b B IIepBOii paBeHCTBO, HaxoauM a = d. UTo u
TpebOBAJIOCH JIOKA3aTh.

Corytaco jiemMe 1, eciin 9ucsIo 2 JIeKUT Ha eJMHIIHON OKPY2KHOCTH, TO JIJIs
TOI'o LITO6]':>I IIOJIYIUTDb 1B IpousBeJcHUN €ro ¢ ApyruM 49mcJjaioM, JOCTaTOIHO
ero yMHOXKUTb Ha w = Im(z) + Re(z)i.

DTO MOHATHO U ¢ TeOMETPUUECKOil TouKH 3penus: eciu z = €% (0 < ¢ < 7),
Tow=e3"9"nz w=e2=cos(%)+i-sin(f) =i

CaeancrBue. /ljig TOro 9To6bl MOMYIUTh YUCIO 4 B PE3YJIbTATE YMHOKEHUS
TPEX KOMIUIEKCHBIX YHCEJI, JIEXKAIUX HA ¢UHITHON OKPY?KHOCTH JOCTATOIHO
IPOU3BEJIEHIE NIBYX dnces z1 - zo = (a + bi)(c + di) nomuoxurs na Im(z -
29)+ Re(z1 - 23) = ad+be+ (ac—bd)i. To ecthb, BRIGpATH B KAYECTBE TPETHETO
qnciio zz = ad + be + (ac — bd)i. U, B obmem ciyae,

n n—1 n—1
sz =i <=>z, = [m(H 2) + Re(H k)
k=1 k=1 k=1
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okazareabcTBo. HernocpeacTBeHHO BbITEKAET U3 JIEMMBI 1.

Jlemma 2. Ilyerb ag, ag, ..., a,, T - HATypaJIbHbIE YUC/IA, TAKHE, 9TO a1 + dg +
... + a, < 7r. Eciu npoussejieHne KOMILJIEKCHBIX YUCEJT 21 * 23 - ... * 2, OLPEJIe-
JIEHHBIX 110 (opmyJie (3), paBHO i, TO B OKPYZKHOCTb PAJyca I MOXKeT OBITh
Brwcad (n + 1)-yroJbHUK CO CTOPOHAMHE (1, 42, ..., Gy, 2T

JokazareabcTBo. Eciu nocsieioBaTeIbHO OTKI&IBIBATH Ha OKPYKHOCTH C
paJuycoM 1 3BeHbs JIJIMHOHU aq,as, ..., Ay, TO Mbl IIOJIYIUM BIHUCAHHYIO JIO-
MaHYI0, Ha4daJi0 U KOHeIl KOTOPO#l HaxXOJIATCsl Ha ITPOTUBOIIOJIOXKHBIX KOHIIAX
JuaMeTpa OKPYKHOCTH.

Ha pucyHke npuseien peaabHbIi IpUMeEp TaKOil JIOMAHOI ¢ JIJIMHAMY 3B€HbEB
{7,26,61,74,107} na oxpyzkuOCTH pajuyca 91.



Mp1 Oyzem roBOpuTh, 9TO JIOMaHas BIMCAHA B IIOJOBUHY OKPYKHOCTH, KO-
[Ja ee Ha4daJi0 U KOHEI| HaXOJATCA Ha IIPOTUBONOJIOXKHBIX KOHIIAX JHuaMeTpa
OKPY2KHOCTH. .

HeiicrBuresbro, mjisi mog00HO# JoMaHoit B hopmyrie (2) cymMMa apKCHHYCOB
Oyner pasua 5 u cdopmyiia (4) OyaeT UMeTh BUJ 21 - Zp - ... Zp = 1

JlobaBJisist K TaKoii JIOMaHO#I e1re OHO 3BEHO paBHOE JIMaMeTPy OKPYZKHOCTH,
HoJIy4aeM BIucaublii (n + 1)-yroJabHUK CO CTOPOHAMU G, A2, ..., Ay, 27. 1TO U
TpPebOBaAJIOCH JI0KA3aTh.

RV _ 49 S 7 105V/347i
st mpumepa na pucynke nojydaem: 21 = /1 — 15 T 1 597 = ~ 5o

L 104VB426i  99VB46Li  96VB+ T4 85V3+107i
T 2.01 T 2.91 YT 2091 T 2.91

N MOKHO yOEIUTHCS, UTO 21 - 29 * 23 * 24 + 25 = &. KTIOUeBBbIM (haKTOPOM 3JI1eCh
sIBJIsIeTC TOT (paKT, UTO BO BCEX YHUCIAX B JAeHCTBATE/IHLHON TacTH HAXOIUTCS
OJIMH ¥ TOT K€ Pajaukas v/3. II09ToMy 0Ka3a/10Ch BO3MOYKHBIM CBOPAUHBAHIE
IIPOU3BEJIEHUS K .

ITpennosnoxenue. Yeiosue (4) jijis KOMIUIEKCHBIX ducest (3) BBIIOJIHSIETCSI
TOIJIa U TOJIBLKO TOTJIa, KOTJIa BCe pajKasbl B (popmyiie (3), inb0 NMMET 101
KOPHEM OJIHY U TY K€ HEM3BJIEKAEMYIO YaCTh, JIUOO BCE M3BJICKAIOTCSI.

SaMeTI/IM7 9TO IIPU IEPEMHOXKEHUU JABYX YHCEJI C OAMHAKOBBIM KOPDHEM B ﬂeﬁ—
CTBUTEJILHON YacTu 1 HeﬂOﬁ MHUMOI 4aCTbIO 3TOT KOPEHb IIepeMeliacTCd BO
MHHUMYIO 9aCThb.

Hanpumep, (105v/3 4 74) - (104+/3 4 267) = 7 (15v/3 +14) - 26 - (4/3 + 1)) =
2-91- (179 4+ 19v/3 - ).

A yKe mpu cireyroneM YMHOXKEHUH Ha YUCJIO ¢ KOPHEM B JI€HCTBUTETLHOI
9aCTH, OH BO3BPAINAETCs 0OPATHO B JEHCTBUTENbHYIO YacTh: 2 - 91 - (179 +

19v/3 - 4) - (99v/3 + 61 -4) = 22 - 7213291 - (v/3 +4).

N3 sToro nab/o/ileHnsd MOYXKHO CJIe/IaTh BBIBOJ, YTO JIJIs MOJIyYEHUs ¢ HPU
[EPEMHOKEHNN KOMILJIEKCHBIX IHCesT (3) MX JOJZKHO ObITh HEYEeTHOE KOJIHe-
CTBO OoJIbIIIEE 1, B TOM CJIydae, KOIja B IeHCTBUTEILHON JacT BCE 9TU IUCTIA
coJlepzKaT OJIUH U TOT K€ KOPEHb (B COOTBETCTBUM C MPE/IITOJIOKEHUEM ).

[Mocrennee ancio z, u3 (3) Bcerma OymeT UMeTh KOPEHb B JEHCTBUTEIBHOI
qacTu (B IPEJIOJIOKEHUN, 9TO 9TOT KOPEHb €CTh B JIEHCTBUTEIHHON dacTu
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y Bcex uucen zp, k = 1,2,...,n), 3HAYUT B COOTBETCTBUU CO CJIEJICTBUEM W3
JIeMMBbI 1, IIPOU3BEJIEHUE 21 * 29 * ... * Zp_1 JIOJDKHO UMETH KOPEHb B MHUMOI
qacTH, TO eCTh N — 1 JIOJI?KHO OBITh YETHBIM.

To ecTh, TOMaHYIO ¢ YeTHBIM YNCJIOM IEJIOYNCIEHHBIX 3BEHbEB MOXKHO BIIH-
caTb B IIOJIOBUHY OKDY?KHOCTHU IeJIOIO pPaJilyca TOJBKO B TOM Cjlydae, ecili
B JIEHICTBUTEIBHBIX dacTaX ducest (3) He Oy/erT KopHeil (Bce OHU U3BJIEKYTCA
JI0 TIEJIOTO, €CJIN BEPHO HAIIE HPEIITOI0KEHIE).

Teopewma. Ilycts a, b, ¢, r - narypasbabie dncia. Jlomanyio ¢ TpeMs 3BeHbd-
MU, JJIMHBI KOTOPBIX PaBHBI @, b, ¢, MOYKHO BIIMCATH B MTOJIOBUHY OKPYKHOCTU
TOT/Ia ¥ TOJBKO TOT/Ia, KOT/Ia BBIOJHSIETCS PaBEHCTBO:

r-(@+v+c)+a-b-c=4-1° (5)

JlokazaTeabCcTBO. Ycj0BHEe TeopeMbl S5KBUBAJIEHTHO BBIIOJHEHUIO PaBEeH-
cTBa:

c
1_C e
—|—2rz) i

B coorBercrBun co CJICACTBUEM U3 JIEMMbI 1, OHO PaBHOCHUJIBHO CHCTEME!:

a? b2 a-b c
Wi=dz) - (\fl—g=)— i3 =

2r
2 2 2 (6>
RS AR SRR

s6aBunmcst 0T KOpHEil B mepBoM paBeHCTBe cucteMbl (6):

1-E)a- D)= (v oy

Iajee, yMHOKIM 00 4acTH mocje/iHero papenctsa Ha (472)% u uzbasumcs
oT JIpodeii:
(4r* — a?) - (4r* — b*) = (2cr + ab)?

Packpoem ckobku: (412)2 —4r?(a? +b?) +a*b* = 4c*r? +4aber +a*b?. Orcona:

(4r?)? = 4r*(a® + b* + ¢*) + 4rabe



U, TIOCJIe COKPAIIeHUs Ha 47, MoJIydaeM paBeHcTBO (5):

47% = r(a® +b* + ¢*) + abe

MozkHO mpoBepuTh, YTO BTOpOE ypaBHeHue cucreMbl (6), IPUBOAUT K TO-
My ke paserctBy (5). locrarouno Bo3BecTu B KBaJpar 06e ero 4actu u
3aMEHATH MPOU3BEJICHNE KOPHEH B JIEBOM YaCTH, BHIPA3WB €I0 U3 IIEPBOIO
ypaBHEHNS.

[Tocie mpeobpasoBanuii, Mbl HOIydnM TO Ke camoe paseHcTBo (5). Takum
o6pa3oM, BTopoe ypasHenue B cucreMe (6) M30bITOYHO U OHA IKBUBAJIEHTHA
pasenctBy (5). Uro u TpeboBaIOCh JOKA3ATh.

3. AnropuT™MbI 1 IPOrpaMMbI

N3 pe3ynbTaToB MpeabLayInero maparpada ciaeyeT, 9To Jijid MOy deHus 1e-
JIOYMCJIEHHOT'O MHOT'OYT'OJIbHUKA, BIUCAHHOTO B OKPY2KHOCTbD IEJIOT0 PAJINyca,
MOXKHO HalTH JiBe JIOMaHble, BIUCAHHBIE B TTOJIOBUHY OKPYXKHOCTH, U COBMe-
CTUTh UX TaK, YTOObI HAYaJa U KOHIIbI COBITA/IAJIN.

B npunIurre, 1mopsiJiok JUIMH 3BEHBEB JIOMAHOW MM CTOPOH MHOI'OYT'OJIbHUKA
JIJIS TIOCTPOEHUs He uMeeT 3HadeHusd. Mpbl Oyjiem Bcerjia NpHUBOJUTL UX B
Bo3pacTaolieM nopsjke. VI O6yjgemM ncKaTh TOJBKO T€ MHOTOYTOJbHUKU WJIH
JIOMaHbIe, Y KOTOPBIX HET OMUHAKOBBIX CTOPOH.

MT&K, AJITOPUTM HaAXOXKJICHU A Tpe6y€MbIX MHOT'OYT'OJIbHUKOB CJIG,ZLyIOH.IHfIZ

st HeGosbIIOro Kosmm4aecTa cTopoH (110 5) u Hebosbimx pasmycos (10 100)
MOYKHO BBIYUCJIUTH BCE BO3MOXKHDIE CJIy9ad MOJHBIM IepebopoM.

[Tpu sToMm, poussesierne (4) BBIYUCISETCS MPUOIUZKEHHO ¢ OOJIBINOi TOTHO-
cTbio (B nporpammax Huzke, 10 10750). JTjst usbexkanus BO3MOKHbBIX ONMUOOK,
13-3a TPUOJINZKEHHBIX BBIYUC/IEHUI, IPOBOIUTCS JIOTIOJHUTEIbHAs TPOBEPKA.

ATbTepHATUBHBIN BAPUAHT: JIJIT BHIODAHHOTO PAJINYCa T, UIIEM JIOMaHbIE BITH-
CAHHbIE B ITOJIOBUHY OKPYKHOCTH U, 3aT€M, KOMOMHUPYEM UX JPYT C JIPYTOM,
co3/1aBasl MHOT'OYTOJIbHUKH.

Jlnst ToMaHBIX M3 TpeX 3BEHBEB UCIHOJIb3YeM PABEHCTBO (5) U 9TO OTIMIHBI
CTIOCO0 TOJTyYaTh IMEeCTHYTOJBHUKH. [lomoTHTe TbHbIE TPOBEPKH HE TPEOYIOT-
csl, Tak Kak B (5) He MCHOJIB3YIOTCS TPUOJINKEHHbIE BBIYUCICHUSI.



J1j1s1 TIOJTy 9eHMs, BHUCAHHBIX B ITIOJIOBUHY OKPYZKHOCTH, JIOMaHBIX C 5-ThIO U 7-
MbIO 3BEHbAMU 6bIJ'H/I pa3pa60TaHbI OpUruHaJibHbIC aJITOPUTMbI U IIPOI'PaMMbI
JIJIsI TOrO, 9TOOBI M30exKaTh MOJIHOTO 1epedbopa.

st BBIOpaHHOTO pajinyca 1, JIOMAaHble C TPeMsd, MAThIO U CEMbIO 3BEHbsI-
MM, TO3BOJIAIOT HAM CTPOUTH IEJOYUCIECHHBIE MUKJINIECKNE MHOTOYTOJIbHU-
ku, umerorue 4, 6,8,10,12 u 14 cropown.

[Iporpammbr Ha a3bike Julia

# 1 - MaccuB OJWH CTOPOH MHOTOYTONbHHKA, I - PagUyC OKPYXHOCTH
function isgonO(r,l) # mpoBepka uYepe3 aApPKCHUHYCH

p = 4xatan(big(1))

s = sum(map(x -> asin(big(x)/(2xr)), 1))

abs(s-p) < big(10)~(-50)
end

function isgon(r,l) # mpoBepka dYepes Hmpou3BeIeHUE
sum(1)<2*pi*r || return false

m = big(10)~(-50)
a = map(x -> big(x)/(2*r), 1)
z = prod(map(x -> sqrt(1-x~2)+x*im,a))

abs(real(z)+1)<m&&abs (imag(z))<m
end

function listgon(r,n) # CINCOK MHOTOYTOJLHUKOB
res = Vector{Vector{Int64}}()
for x in combinations(1:2*r, n)
if isgon(r,x) push! (res,x) end
end
res
end

# 1 - MaccuB OJIWH 3BeHbEB JIOMAHO#, I - paJWyC OKPYXHOCTHU
function islineO(r,1l) # mpoBepka 4Yepe3 apKCHUHYCH

p = 4xatan(big(1))/2

s = sum(map(x -> asin(big(x)/(2*r)), 1))

abs(s-p) < big(10)~(-50)
end



function isline(r,l) # mpoBepka uepes3 HIpOU3BeLEHUE
sum(l)<pi*r || return false

m = big(10)~(-50)
a = map(x -> big(x)/(2*r), 1)
z = prod(map(x -> sqrt(1-x~2)+x*im,a))

abs (real(z))<m&&abs (imag(z)-1)<m
end

#r - paIuyC OKPYXHOCTH, TOYHHE BHYHCICHUA
function listline3(r) # cmmcor Bcex JOMaHHX U3 3 3BeHbEB ANd paguyca r
res = Vector{Vector{Int64}}()
for x in combinations(1:2*r-1, 3)
a =x[1]; b =x[2]; c = x[3]
if r*(a~2+b~2+c~2)+axbxc==4*r"3
push! (res,x)
end
end
res
end

#r - pamguyC OKPYXHOCTH, NpPUOIUXEHHHE BHYIUCICHUS

function listline(r,k) # cOucor BCexX JIOMaHHX U3 K 3BEHbEB I pajuyca I
res = Vector{Vector{Int64}}()

for x in combinations(1:2*xr-1, k-1)

c = map(x -> big(x)/(2*r), x)
z = prod(map(x -> sqrt(1-x~2)+x*im,c))
u = BigInt(floor(real(z)*2%r))

if u>x[end]
push! (x,u)
if isline(r,x)
push! (res,x)
end
end
end
res
end
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[Tpu momoru dbyukimu listline3(r) mist Becex paguycos r < 1000 ObLmn Haii-
JIEHDI, BIINCAHHBIE B TOJIOBUHY OKPY2KHOCTHU, JIOMaHbIE U3 TPEX 3BEHLEB.

julia> for r in 5:1000
1 = listline3(r)
if length(1)>0 println((r,1l)) end
end

(7, [[2, 7, 1111)

8, [[2, 9, 1211)

(13, [[1, 13, 2211)

(14, [[4, 14, 2211)

(15, [[3, 14, 2511)

(16, [[4, 18, 24], [8, 17, 2211)

(19, [[11, 19, 26]11)

(21, [[6, 21, 331, [12, 22, 28]1)

(22, [[12, 19, 3311

(24, [[6, 27, 36]11)

(26, [[2, 26, 44]1)

(27, [[10, 21, 4511)

(28, [[8, 28, 4411)

(30, [[6, 28, 50]1)

(31, [[13, 31, 46]1)

(32, [[8, 36, 48], [16, 34, 44]11)

(33, [[11, 39, 46], [22, 34, 42]1])

(34, [[17, 28, 5311)

(35, [[6, 25, 63], [10, 35, 55], [14, 38, 5011)
(36, [[3, 26, 66]1)

(37, [[26, 37, 4711)

(38, [[19, 44, 49], [22, 38, 52]1])

(39, [[3, 39, 661, [13, 43, 57]1)

(40, [[10, 45, 60], [28, 41, 5011)

(42, [[12, 42, 66], [24, 44, 561]1)

(43, [[22, 43, 6111)

(44, [[10, 55, 621, [11, 24, 811, [11, 38, 741, [24, 38, 66]11)
(45, [[9, 35, 791, [9, 42, 751, [35, 42, 5711)
(46, [[23, 43, 68], [29, 36, 691]1)

(48, [[12, 54, 721, [24, 51, 66]1]1)
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(49, [[14, 23, 911, [14, 49, 771, [23, 49, 7111)

(61, [[6, 34, 941, [17, 38, 87]11)

(52, [[4, 52, 881, [6, 39, 9411)

(54, [[20, 42, 9011)

(65, [[2, 44, 100], [15, 34, 99], [22, 50, 86], [25, 59, 77]1]1)

(56, [[4, 62, 911, [7, 58, 921, [14, 63, 84], [16, 56, 88], [42, 57, 68]1)

(997, [[407, 997, 1487]11)

(998, [[52, 998, 1702], [191, 499, 1876], [596, 813, 1497]11)

(999, [[54, 814, 18021, [62, 783, 18131, [74, 906, 1746],
[111, 706, 18271, [111, 909, 1726], [370, 675, 1723],
[370, 777, 1665], [444, 1074, 1404], [477, 675, 1665],
(477, 777, 1602], [498, 888, 1512], [603, 882, 1443],
(654, 927, 1369], [675, 777, 14701, [702, 999, 1269]1])

(1000, [[25, 420, 19501, [28, 550, 19151, [80, 548, 1900],
[80, 700, 1844], [80, 1025, 1675], [80, 1250, 1510],
[100, 1325, 1430], [116, 430, 1925], [185, 850, 1724],
[187, 890, 1700], [250, 1125, 1500], [275, 1220, 1402],
[310, 464, 1850], [310, 625, 1780], [380, 1150, 1388],
[425, 1104, 1395], [450, 1100, 1380], [464, 625, 1703],
[630, 944, 1450], [548, 700, 16101, [548, 1159, 1250],
[655, 628, 16501, [560, 704, 16001, [650, 940, 1364],
[695, 900, 1362], [700, 1025, 125011)

Oyukiwys listline(r, k) xopomio paboraet jijist HeOOIBINMNX 3HAYCHUIT paumyca
u MasieHbKuX k (k - 9uciio 3BeHbEB JIOMAHOI ), HO yKe 1pu k = 5 ¢ TpyIoM
JI00UpaeTcsi JI0 MEPBBIX CJIyYaeB JIOMAHBIX U3 ISTU 3BEHbEB, BIUCAHHBIX B
[IOJIOBUHY OKPYXKHOCTH. MUHUMAaJIbHOE 1 3/1eCh, KaK yBUIUM jaJiee, 91.

A g k = 7 ¢ ee moMONIBIO BOOOIE HUYErO HAWTH HEBO3MOXKHO. I1oaTo-
My OBLI pa3paboTaH aJrOpUTM, OCHOBAHHBIN Ha, COPMYJTUPOBAHHOM BBIIITE
HEJIOKA3aHHOM IIPEITOIOKEHUN, UTO JI/Isd MOJIydeHUs] B IPOU3BEICHUH i, BCE
KopHU (/47r? — a2,k = 1,2,...,n B JeHCTBUTEIBHBIX YACTAX KOMILIEKCHbBIX
qrcest (3) 00s13aHbl UMETh OJIMHAKOBYIO HEM3BJIEKAEMYIO IaCTh.
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Cuenytomast pyHKIUS, JIjId 33/IAHHOTO PAJINYCa I U HATYPAJbLHOIO YUCjIa d,
BBIYUC/IAET HEM3BJIEKAEMYIO YaCTh KOpHS V412 — a?.

function rem(a)
res = 1
for (p,k) in factor(4*r~2 - a~2)
if k%2==1 res*=p end
end
res
end

To ecTb, Bo3BpaIaeT To, YTO OCTAHETCH 0] KOPHEM IIOCJIe U3BJICYCHUS BCEX
MHOXKHTeJIeH-KBaIpaToB. Kcmm Kopenb n3BjiedeTcsd MOJTHOCTHIO OHA BepHeT 1.

HpI/IBe,ZLeM IporpaMmy IJjigd HaXOxKIAEHUA, BIIMCaAaHHbIX B IIOJIOBUHY OKPY2KHO-
CTH, JIOMaHBbIX C IIATbIO 3BE€HbAMI (,ILJIH CEMH 3BCHLEB BCE aHaﬂOFI/I‘{HO)I

function listline5(r) # cmnucok soMaHbxX u3 5 3BeHbEB AIA pajuyca I
res = Vector{Vector{Int64}}()
al =1
while al<2x*r-5
all = rem(al)
a2 = al+l
while a2<2*r-4
a21 = rem(a2)
while all!=a21&&a2<2*r-4

a2+=1

a2l = rem(a2)
end
if all==a21

a3 = a2+1

while a3<2*r-3
a3l = rem(a3)
while a21!'=a31&&a3<2*r-3
a3+=1
a3l = rem(a3)
end
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if a21==a31
a4 = a3+l
while a4<2*r-2
a4l = rem(a4)
while a31!=a41&&ad<2*r-2

ad+=1

a4l = rem(a4)
end
if a31==a41

ab = a4+l

while ab<2xr-1
ab1l = rem(ab)
while a41!=ab51&&ab<2*xr-1

ab+=1

ab1 = rem(ab)
end
if ad1==abil

a = [al,a2,a3,a4,a5]
if isline(r,a)
push! (res, a)
end
end
ab+=1
end
end
ad+=1
end
end
a3+=1
end
end
a2+=1
end
al+=1
end
res
end
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Cumcok, BIMCAHHBIX B IOJIOBUHY OKPY?KHOCTH, JIOMAHDBIX U3 IISTH 3BEHUEB,
ag Beex < 1000, mosrydeHHBIN IPU TTOMOIIA STO TPOrpaMMBbI:

(91, [[7, 26, 61, 74, 1071]1)
(133, [[23, 38, 77, 97, 166]])
(176, [[9, 44, 96, 152, 226]]1)
(182, [[14, 52, 122, 148, 214]1]1)
(217, [[62, 73, 91, 191, 2421]1)
(220, [[50, 89, 154, 184, 19711)
(232, [[58, 103, 114, 212, 222]])
(247, [[19, 94, 131, 143, 34711)
(259, [[11, 74, 157, 182, 349]11)
(266, [[46, 76, 154, 194, 332]])
(273, [[21, 78, 183, 222, 321]11)
(301, [[73, 86, 154, 239, 359]11)
(304, [[68, 118, 152, 233, 352]])
(325, [[72, 160, 182, 250, 330]1)
(345, [[14, 69, 190, 322, 43711)
(352, [[18, 88, 137, 354, 452], [18, 88, 192, 304, 452],
[88, 137, 192, 304, 354]1]1)
(360, [[6, 125, 176, 300, 470], [6, 125, 176, 363, 414]]1)
(364, [[28, 104, 244, 296, 428]1)
(368, [[14, 131, 236, 344, 391], [92, 111, 232, 288, 398]])
(399, [[69, 114, 231, 291, 498]1)
(403, [[31, 169, 218, 277, 51711)
(425, [[130, 174, 238, 360, 400]])
(434, [[124, 146, 182, 382, 484]])
(440, [[100, 178, 308, 368, 394]1])
(441, [[98, 132, 252, 398, 462]1)
(455, [[35, 130, 305, 370, 535]])
(464, [[116, 206, 228, 424, 444]])
(465, [[50, 93, 226, 434, 589]11)
(468, [[39, 168, 214, 338, 63711)
(469, [[91, 134, 262, 431, 506]1)
(481, [[37, 121, 194, 338, 719]11)
(483, [[6, 244, 276, 406, 534]1]1)
(484, [[121, 264, 282, 401, 418]])
(494, [[38, 188, 262, 286, 694]1])
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(511, [[61, 146, 322, 347, 659]1)

(518, [[22, 148, 314, 364, 698]1)

(528, [[27, 132, 288, 456, 678]1)

(532, [[92, 152, 308, 388, 664]]1)

(5636, [[111, 134, 372, 386, 6221])

(544, [[88, 127, 272, 412, 7271, [88, 127, 412, 448, 57811)

(546, [[42, 156, 366, 444, 642]]1)

(553, [[77, 158, 338, 481, 622]1)

(559, [[43, 251, 286, 334, 757]11)

(560, [[120, 252, 275, 500, 562]1])

(561, [[93, 187, 247, 418, 737]11)

(567, [[76, 126, 366, 556, 594]])

(585, [[78, 202, 274, 330, 846]]1)

(589, [[22, 247, 341, 503, 671]11)

(592, [[148, 216, 337, 498, 6081]1)

(595, [[7, 102, 349, 425, 8671])

(602, [[146, 172, 308, 478, 71811)

(608, [[136, 236, 304, 371, 7841, [136, 236, 304, 466, 704],
[136, 236, 371, 466, 646]])

(616, [[44, 218, 304, 449, 826]])

(627, [[98, 154, 282, 418, 902]1)

(637, [[49, 182, 299, 313, 1001],
[49, 182, 299, 427, 923], [49, 182, 299, 637, 749],
[49, 182, 313, 427, 913], [49, 182, 313, 518, 842],
[49, 182, 407, 427, 842], [49, 182, 427, 518, 749],
[49, 299, 313, 407, 842], [49, 299, 313, 427, 826],
[49, 299, 313, 518, 7491, [49, 299, 407, 427, 749],
[49, 313, 427, 518, 6371, [182, 299, 313, 518, 637],
[182, 299, 407, 427, 6371, [299, 313, 407, 427, 5181]1)

(638, [[93, 124, 348, 583, 772]11)

(650, [[144, 320, 364, 500, 660]])

(651, [[186, 219, 273, 573, 7261])

(660, [[150, 267, 462, 552, 5911])

(663, [[46, 221, 354, 494, 871]1)

(665, [[115, 190, 385, 485, 830]])

(675, [[19, 135, 250, 267, 1185], [19, 135, 250, 630, 954],
[19, 250, 267, 509, 954], [19, 250, 267, 630, 855],
[135, 250, 267, 525, 855], [135, 250, 267, 630, 7621,
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(679,
(688,
(690,
(696,
(702,
(704,

(715,
(720,
(721,
(725,
(728,

(736,

(741,
(744,
(763,
(777,
(784,
(793,
(795,
(798,
(800,
(805,
(806,
(819,
(845,
(848,
(850,
(856,
(861,
(868,
(871,
(880,

[135, 267, 509, 525, 630]1)

[[14, 194, 491, 517, 829]1)

[[24, 172, 318, 647, 89211)

[[28, 138, 380, 644, 874]11)

[[174, 309, 342, 636, 666]])

[[252, 277, 321, 507, 783]11)

[[36, 176, 274, 517, 10561, [36, 176, 274, 708, 904],
[36, 176, 384, 608, 904], [36, 176, 517, 608, 792],
[36, 274, 384, 517, 904], [36, 274, 517, 608, 708],
(176, 274, 384, 517, 7921, [176, 274, 384, 608, 7081])
[[70, 325, 406, 682, 695]])

[[12, 250, 352, 600, 9401, [12, 250, 352, 726, 828]1)
[[206, 259, 286, 674, 767]1])

[[170, 240, 406, 666, 728]])

[[56, 208, 488, 592, 856], [84, 169, 304, 466, 1104],
[84, 169, 304, 741, 884], [169, 304, 466, 546, 74111)
[[28, 262, 472, 688, 782], [103, 184, 222, 796, 894],
[103, 184, 464, 576, 8941, [184, 222, 464, 576, 7961]1)
[[57, 282, 393, 429, 1041]11)

[[62, 246, 361, 766, 812]])

[[74, 218, 497, 502, 997]11)

[[33, 222, 471, 546, 104711)

[[182, 237, 412, 588, 952]1)

[[61, 142, 263, 611, 1223]1])

[[159, 215, 259, 742, 1007]11)

[[138, 228, 462, 582, 996]1)

[[64, 155, 350, 560, 1208], [64, 155, 350, 820, 1000]1)
[[71, 138, 413, 575, 1173]1)

[[62, 338, 436, 554, 1034]]1)

[[63, 234, 549, 666, 963]])

[[232, 246, 416, 650, 1014]1])

[[109, 226, 616, 724, 901]11)

[[260, 348, 476, 720, 80011)

[[137, 214, 556, 654, 1026]1])

[[28, 278, 698, 708, 902]1)

[[248, 292, 364, 764, 968]])

[[67, 169, 659, 781, 958]])

[[45, 220, 480, 760, 1130], [200, 356, 385, 437, 1240],
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(882,
(884,
(885,
(891,
(903,
(904,
(910,
(912,
(925,
(928,
(930,
(931,

(935,
(936,

(938,
(946,
(949,
(952,

(962,
(966,
(968,

(973,
(975,
976,
(984,

[200, 356, 385, 616, 11001, [200, 356, 437, 788, 902],
[200, 356, 616, 736, 788], [356, 385, 437, 616, 902],
[356, 385, 437, 736, 788]1)

[[196, 264, 504, 796, 924]1)

[[102, 338, 437, 877, 927]11)

[[89, 177, 582, 903, 925]1)

[[18, 246, 374, 918, 11061, [67, 297, 522, 753, 1053]]1)
[[116, 354, 434, 516, 1266], [219, 258, 462, 717, 107711)
[[114, 226, 558, 719, 1108]1)

[[70, 260, 610, 740, 1070]1)

[[204, 354, 456, 699, 10561])

[[86, 518, 570, 600, 1040]11)

[[232, 412, 456, 848, 888]1)

[[100, 186, 452, 868, 1178]1)

[[13, 161, 266, 539, 16061, [13, 161, 266, 679, 1526],
[13, 161, 266, 931, 1349], [13, 161, 266, 1021, 1274],
[13, 161, 539, 679, 13491, [13, 161, 679, 931, 1021],
[13, 266, 437, 679, 1349], [13, 266, 539, 679, 1274],
[13, 266, 679, 838, 1021], [161, 266, 437, 539, 1349],
[161, 266, 437, 931, 1021], [161, 266, 539, 679, 1162],
[161, 266, 539, 838, 1021], [161, 437, 539, 679, 1021],
[266, 437, 539, 679, 931]11)

[[11, 255, 578, 939, 10371, [34, 188, 370, 748, 1394]11)
[[48, 333, 503, 598, 13021, [78, 336, 428, 676, 1274],
[78, 336, 428, 911, 1072]1)

[[182, 268, 524, 862, 1012]1])

[[33, 317, 709, 817, 996]11)

[[73, 311, 454, 598, 1369]1)

[[144, 221, 364, 846, 1264], [144, 221, 364, 969, 1156],
[144, 221, 714, 846, 969]1)

[[74, 242, 388, 676, 1438]])

[[12, 488, 552, 812, 1068]1)

[[87, 242, 528, 802, 1243], [87, 242, 528, 836, 1214],
[87, 242, 564, 802, 1214], [242, 528, 564, 802, 836]])
[[154, 278, 577, 863, 1079]1)

[[216, 480, 546, 750, 990]1)

[[8, 488, 583, 938, 952]11)

[[82, 286, 516, 841, 1232]1)
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(988,
(992,

[[76, 376, 524, 572, 1388]1)
[[64, 496, 539, 904, 1016]1)

K coxkasienuio, mpu moMoIny aHaJoruanoit nporpammsol, g r < 1000 e na-
IIIJIOCH HU OJTHO# JIOMAHOW M3 CEMU 3BEHBbEB, BIIMCAHHBIX B IMOJIOBUHY OKPY K-
Hoctu. [Ipunuioch nmouckars Jianbiie, g0 r < 3000.

(1292,
(1729,

[[61, 154, 209, 289,

[133, 299, 386, 494,
[133, 299, 386, 494,
[133, 299, 386, 494,
[133, 299, 386, 494,
[133, 299, 386, 494,
[133, 299, 386, 494,
[133, 299, 386, 494,
[133, 299, 386, 658,
[133, 299, 386, 658,
[133, 299, 386, 917,
[133, 299, 494, 649,
[133, 299, 494, 649,
[133, 299, 494, 649,
[133, 299, 494, 658,
[133, 299, 494, 658,
[133, 299, 494, 917,
[133, 299, 649, 658,
[133, 386, 494, 649,
[133, 386, 494, 649,
[133, 386, 494, 658,
[133, 386, 494, 658,
[133, 386, 494, 658,
[133, 386, 494, 658,
[133, 386, 494, 917,
[133, 386, 649, 658,
[133, 494, 649, 658,
[133, 494, 649, 658,
[299, 386, 494, 649,
[299, 386, 494, 649,

646, 1064, 1496]])

[[133, 299, 386, 494, 649, 1261, 2033],

658, 1001, 2242],
658, 1583, 1729],
917, 1001, 2033],
917, 1342, 1729],
1001, 1261, 1729],
1159, 1261, 1583],
1261, 1342, 1406],
917, 1342, 1583],
1001, 1261, 1583],
1001, 1261, 1342],
658, 1001, 2033],
658, 1342, 1729],
1159, 1261, 1342],
1001, 1159, 1583],
1001, 1342, 1406],
1001, 1159, 1342],
1001, 1261, 1342],
658, 917, 2033],

658, 1261, 1729],
917, 1001, 1729],
917, 1159, 1583],
917, 1342, 1406],
1001, 1261, 1406],
1001, 1159, 1261],
917, 1261, 1342],
917, 1159, 1342],
1001, 1159, 1261],
658, 1261, 1583],
917, 1261, 1342],
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[299, 386, 494, 658, 917, 1001, 1583],
[299, 494, 649, 658, 917, 1001, 1342],
[386, 494, 649, 658, 917, 1001, 1261]])
(2024, [[2, 327, 506, 684, 1104, 1276, 22771,
[2, 327, 506, 684, 1104, 1748, 1839],
[2, 327, 506, 684, 1276, 1584, 1839],
[2, 327, 684, 1006, 1104, 1276, 1839]])
(2584, [[122, 308, 418, 578, 1292, 1447, 3553],
[122, 308, 418, 578, 1292, 2128, 2992],
[122, 308, 418, 578, 1447, 2228, 27671,
[122, 308, 418, 1292, 1447, 2128, 2228],
[308, 418, 578, 1003, 1292, 2128, 2228]]1)
(2816, [[144, 704, 1096, 1257, 1536, 1914, 2068]1)
(2821, [[166, 217, 599, 806, 949, 2483, 3317],
[166, 217, 599, 806, 1526, 1939, 33171,
[166, 217, 599, 806, 1526, 2483, 2821],
[166, 217, 599, 1526, 1754, 1939, 2483],
[166, 217, 806, 949, 1183, 1526, 3658],
[166, 217, 806, 949, 1183, 1939, 3317],
[166, 217, 806, 949, 1183, 2483, 2821],
[166, 217, 806, 949, 1526, 2161, 2821],
[166, 217, 806, 949, 1754, 1939, 2821],
[166, 217, 806, 949, 1754, 2294, 2483],
[166, 217, 806, 949, 1891, 2161, 2483],
[166, 217, 806, 1183, 1526, 1939, 2821],
[166, 217, 806, 1183, 1526, 2294, 2483],
[166, 217, 806, 1183, 1891, 1939, 2483],
[166, 217, 806, 1526, 1754, 1939, 2294],
[166, 217, 806, 1526, 1891, 1939, 2161],
[166, 217, 949, 1183, 1526, 2161, 2483],
[166, 217, 949, 1183, 1754, 1939, 2483],
[166, 217, 949, 1526, 1754, 1939, 2161],
[166, 599, 806, 949, 1526, 2161, 2483],
[166, 599, 806, 949, 1754, 1939, 2483],
[166, 599, 806, 1183, 1526, 1939, 2483],
[166, 806, 949, 1183, 1526, 1939, 2161],
[217, 599, 806, 949, 1183, 1526, 33171,
[217, 599, 806, 949, 1526, 1754, 2821],
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[217, 599, 806, 949, 1754, 1891, 2483],

[217, 599, 806, 1183, 1526, 1891, 2483],
[217, 599, 806, 1526, 1754, 1891, 1939],
[217, 599, 949, 1183, 1526, 1754, 2483],
[217, 806, 949, 1183, 1526, 1754, 2294],
[217, 806, 949, 1183, 1526, 1891, 2161],
[217, 806, 949, 1183, 1754, 1891, 1939],
[699, 806, 949, 1183, 1526, 1754, 1939]1])

YauBuUTEIBHBIM 00pa30M, 3HaMeHuTOe Iucao 1729 (umcso-rakcu, uucio Pa-

IVIaHy,IL}KaHa) HIPUCYTCTBYET B IIOCJICAHEM CIIUCKE. B maremaruke Bce Kak-TO
CBA3aHO, BOT TOJIBKO IIOHATH 9Ty CBA3b OY€Hb HEIIPOCTO.

4. IIpumepbl MHOTOYTOJBHUKOB

[TpsiMOyTO/IBHBIE TPEYTOJBHAKH € TUIIOTEHY30M Ha, JIMaMeTpPe, JIETKO CTPOUTD,
HCrosb3ys mudaropoBbl TPoiiku: at + a3 = 4r?.

5: [6, 8, 10]

13: [10, 24, 26]

15: [18, 24, 30]

17: [16, 30, 34]

25: [14, 48, 50], [30, 40, 50]

H B KB KB K
I

[Ipumepbl He MPSIMOYTOJIBHBIX TPEYTOJIBHUKOB, Y KOTOPBIX JIJTMHBI BCEX CTO-
poH < 2r:

r = 65: [78, 120, 126], [104, 112, 120]

85: [102, 150, 168], [136, 150, 154]

r

B sTom ciydae, B 3anmcn KOMILIEKCHBIX YUCET 21, 29, 23 BOODIIE HET KOpHEN
(OHE M3BJIEKAIOTCST) U HMPOU3BEJCHUE 21 - 29 - 23 = —1, Oaromaps dopmyiie
(a+bi)-(—a+bi) =—(a®+b?) = —1

YeTbIpexyroabHUKH, COJEPKAIINe THaMeTP B KadecTBe CTOPOHBI, MOXKHO JIeT-
KO CO3/1aBaTh HA OCHOBE JIOMAHBIX M3 TPEX 3BEHbEB, BIIMCAHHBIX B TOJOBUHY
OKPY2KHOCTH, COIVIACHO JIeMMe 2.
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Kaxknoit Takoit JoMaHOil COOTBETCTBYET OJIUH YE€THIPEXYTOJbHUK CO CTOPOHOI
2r. BoT Kax BBIIVISIUT HAYAJIO CIHCKA!

7: [2, 7, 11, 14]

=8: [2, 9, 12, 16]

= 13: [1, 13, 22, 26]

= 14: [4, 14, 22, 28]

= 15: [3, 14, 25, 30]

= 16: [4, 18, 24, 321, [8, 17, 22, 32]

= 19: [11, 19, 26, 38]

= 21: [6, 21, 33, 42], [12, 22, 28, 42]
= 22: [12, 19, 33, 44]

= 24: [6, 27, 36, 48])

= 26: [2, 26, 44, 52]

= 27: [10, 21, 45, 54]

= 28: [8, 28, 44, 56]

= 30: [6, 28, 50, 60]

= 31: [13, 31, 46, 62]

= 32: [8, 36, 48, 64] [16, 34, 44, 64]

= 33: [11, 39, 46, 66], [22, 34, 42, 66]
= 34: [17, 28, 53, 68]

= 35: [6, 25, 63, 70], [10, 35, 55, 70], [14, 38, 50, 70]

(oI T o S O A A o A A N O A o L A A A A |
|

Cy1iecTBYIOT JIM YETHIPEXYTOJIBHUKH, ¥ KOTOPBIX JJIMHBI BCEX CTOPOH < 2717
Jla, KoHeIHO, BOT IIPUMEpHI:

32: [8, 36, 57, 62], [16, 34, 56, 61]
40: [28, 41, 67, 76]
44: [11, 66, 74, 81], [24, 38, 74, 87]
45: [35, 42, 75, 86], [35, 57, 75, 79]
50: [28, 60, 80, 96]

H R KB KR K
I

B kax/oM m3 3THX IPUMEPOB BO BCEX UNCIAX 271, 22, 23,24 B JEHCTBUTENb-
HOII 4aCTHU COJICPXKUTCA OJIMHAKOBBI KOPEHb, OJHAKO B KOHIIC OH HCYe3aeT
Gaaroiapst Bce ToMy Ke ToxaecTBy: (a 4 bi) - (—a + bi) = —(a® + b%) = —1.
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PaCCMOTpI/IM Telepb MMATUYTOJIbHUKN:

= 13: [1, 10, 13, 22, 24]

= 15: [3, 14, 18, 24, 25]

= 26: [2, 20, 26, 44, 48]

= 30: [6, 28, 36, 48, 50]

= 34: [17, 28, 32, 53, 60]

= 35: [6, 25, 42, 56, 63], [10, 35, 42, 55, 56], [14, 38, 42, 50, 56]
= 37: [24, 26, 37, 47, 70]

= 39: [3, 30, 39, 66, 72], [13, 30, 43, 57, 72]

= 40: [10, 45, 48, 60, 64], [28, 41, 48, 50, 64]

= 45: [9, 35, 54, 72, 79], [9, 42, 54, 72, 75], [35, 42, 54, 57, 72]
= b1: [6, 34, 48, 90, 94], [17, 38, 48, 87, 90]

H B I I I I H H B B K
|

Onu ycTpoeHbl Tak: JoMaHas U3 3 3BEHbEB, BIIMCAHHASA B IOJOBUHY OKPYZK-
HOCTH (IIPOM3BEJIEHIE TPEX COOTBETCTBYIONIMX YHCEJI PABHO 1) U JIBA IHC/IA
0e3 paJiuKaJIoB a + bi u b + ai, jlaonye B IPOU3BEJIEHUH €IIle OJTHO .

Hanpmwep, 1yt iepBoro naruyroibauka: [1,13,22] gomanast, a ocTajabHbIE
24 | 10, 10 | 24

JIBa 9UCJIa PABHBL 55 + 551 U 55 + 551.

[[TecTnyroJbHIKE MOXKHO CTPOUTH HA OCHOBE JIOMAHBIX U3 IATH 3BEHDLEB,

J100aBJIsId K HUM JIHAMETD:

91: [[7, 26, 61, 74, 107, 182]
133: [23, 38, 77, 97, 166, 266]
176: [9, 44, 96, 152, 226]

182: [14, 52, 122, 148, 214]

H R R R
o

BoJtee obmuii ciryvail mocTpoeHus IMEeCTUYTOJLHUKOB - KOMOMHUPOBATL TI0
JIBe pa3jndHble JJOMaHble 3 TPeX 3BEHBEB JIJIsT OJIHOTO U TOTO YK€ PaJInyca,
BIIMCAHHBIC B TOJIOBUHY OKPYZKHOCTH.

16: [4, 8, 17, 18, 22, 24]

21: [6, 12, 21, 22, 28, 33]

33: [11, 22, 34, 39, 42, 46]

35: [6, 10, 25, 35, b5, 63], [6, 14, 25, 38, 50, 63],

H KR R K
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H B KB KR K
Il

H B KR KR K
Il

H B B KR KK
|

= 38:
= 39:
40
= 42:
= 44

= 46:
= 48:
51:
= b2:
= bb:

= Bb7:
= 62:
= 63:
= 64:
= 65:
= 66:

[10, 14, 35, 38, 50, 55]

[19, 22, 38, 44, 49, 52]

[3, 13, 39, 43, 57, 66]

[10, 28, 41, 45, 50, 60]

[12, 24, 42, 44, 56, 66]

[10, 11, 24, 55, 62, 811, [10, 11, 38, 55, 62, 741,
[10, 24, 38, 55, 62, 66]

[23, 29, 36, 43, 68, 69]

[12, 24, 51, 54, 66, 72]

[6, 17, 34, 38, 87, 94]

[4, 6, 39, 52, 88, 94]

[2, 15, 34, 44, 99, 100], [2, 22, 44, 50, 86, 100],
[2, 25, 44, 59, 77, 100], [15, 22, 34, 50, 86, 99],
[15, 25, 34, 59, 77, 991, [22, 25, 50, 59, 77, 86]
(4, 7, 58, 62, 91, 92], [4, 14, 62, 63, 84, 91],
(4, 16, 56, 62, 88, 911, [4, 42, 57, 62, 68, 91],
(7, 14, 58, 63, 84, 92],[7, 16, 56, 58, 88, 92],
(7, 42, 57, 58, 68, 921, [14, 16, 56, 63, 84, 88],
(14, 42, 57, 63, 68, 84],[16, 42, 56, 57, 68, 88]
[14, 33, 38, 57, 78, 102]

[4, 26, 31, 62, 92, 119]

[14, 18, 36, 63, 99, 116], [18, 36, 63, 66, 84, 99]
(7, 16, 32, 72, 96, 122], [16, 32, 68, 72, 88, 96]
(5, 32, 50, 65, 104, 110], [5, 50, 65, 66, 78, 110]
[22, 36, 57, 78, 92, 99], [22, 44, 68, 78, 84, 92],
[36, 44, 57, 68, 84, 99]

[11, 26, 51, 56, 114, 119], [26, 34, 51, 56, 106, 114]

CyIecTBYIOT JIU MIECTHYTOJIBHUKU, KOTOPbIE HEBO3MOXKHO MOJIYYUThH OIICAH-
HbIMU BbIIIe crocobamu? OIpeJie/leHHO CYIIECTBYIOT, MOCKOJIbKY MbI KOH-
CTPYUPOBAJIA TOJILKO TaKue, Yy KOTOPbIX CTOPOHA WJIA OJIHA U3 JIMaroHaJeit,
P OIIPEJIESIEHHOM TIOPSJIKE CTOPOH, ITPOXOIUT Yepe3 MEHTP OKPYKHOCTH.

Bor nmpumep Takoro mecTuyrobHUKA:

r = 91:

(7, 26, 61, 118, 143, 154]
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COOTBGTCTBYIOH_H/IG KOMIIJIEKCHbBIE YHCJIa (3) JJIg HET'O PaBHDbI:

L 105¢§+Z, T 104¢§+Z, 26 99\/_+ . 80\/_+
V77182 1820 T 182 1820t T 182 1827t T 182 182
. _65\/_+Z . 56\/_+ 154
EETD) 18277 182 T 182

mMMhZQ%_f+ZQ%y% f+%ﬂa@Z3a%26 —1

MoxkHO Y6e,ZLI/ITbCH, 9TO HUKaKue TpOI'/JIKI/I Z B IIpOoU3BE€AEHUN HE TadyT Z, TO
€CTb 9TOT MECTUYI'OJIbHUK HEBO3MO2KHO COCTAaBUTDh U3 JIBYX TPEX3BEHHDLIX JIO-
MaHBIX, BIIMCAHHBIX B IIOJIOBUHY OKPY>KHOCTH.

BocbMmuyrobHUKN Ha JuamMeTpe CTPOATCS Ha OCHOBE, BIIMCAHHBIX B IIOJIY-
OKPYKHOCTH JIOMAHBIX, U3 7 3BEHDHEB.

1292: [61, 154, 209, 289, 646, 1064, 1496, 2584]
= 1729: [133, 299, 386, 494, 649, 1261, 2033, 3458]

R R
o

A Tak:ke, KaK JBe COCTBIKOBAHHBIE, BIIUCAHHBIE B IIOJIYOKPYKHOCTD, JOMAaHBIE
3-X 1 5-Tu 3BEHDLEB.

91: [7, 26, 42, 61, 74, 78, 107, 142]
133: [14, 23, 38, 77, 97, 114, 166, 234],
[23, 38, 58, 77, 84, 97, 166, 228],
(23, 38, 77, 97, 112, 134, 152, 166]
r = 176: [9, 14, 44, 96, 136, 152, 226, 319],
[9, 22, 44, 96, 107, 152, 226, 328],
[9, 40, 44, 96, 152, 220, 226, 2438],
[9, 44, 88, 96, 152, 187, 226, 242]
r = 182: [14, 21, 52, 76, 122, 148, 214, 351],
[14, 21, 52, 122, 148, 214, 221, 276],
[14, 52, 84, 122, 148, 156, 214, 284]

R R
o
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Hecarnyronpuuku. Jlomanbie 5 + 5 3BEHbEB:

r = 368: [14, 92, 111, 131, 232, 236, 288, 344, 391, 398]
r = 728: [56, 84, 169, 208, 304, 466, 488, 592, 856, 1104],

[56, 84, 169, 208, 304, 488, 592, 741, 856, 884],
[56, 169, 208, 304, 466, 488, 546, 592, 741, 856]

Nnu nomansie 3 + 7 3BEHbLEB:

r = 1292: [19, 61, 154, 209, 289, 646, 1064, 1496, 1526, 2074],

[61, 76, 154, 209, 289, 646, 1064, 1156, 1496, 2276€],
646, 1064, 1496, 2550],
1016, 1064, 1496, 2312],
1064, 1234, 1496, 2147],
646, 1064, 1496, 2462],

(61, 134,
[61, 152,
[61, 154,
[61, 154,
[61, 154,
[61, 154,
[61, 154,
[61, 154,
[61, 154,
[61, 154,
[61, 154,
[61, 154,
[61, 154,

154,
154,
209,
209,
209,
209,
209,
209,
209,
209,
209,
209,
209,

209,
209,
238,
266,
289,
289,
289,
289,
289,
289,
289,
289,
289,

285,
289,
289,
289,
296,
391,
456,
494,
646,
646,
646,
646,
646,

289,
646,
646,
527,
646,
646,
646,
646,
680,
748,
816,
874,
984,

1064, 1496, 1596,

1836],

778, 1064, 1496, 2318],
1064, 1224, 1496, 2024],
969, 1064, 1496, 2166],

1064, 1496, 1520,
1064, 1292, 1496,
1064, 1368, 1496,
1064, 1394, 1496,
1064, 1207, 1496,

16167,
17681,
1648],
15767,
1653]

JIBeHa ATy TOJTbHIKY MOXKHO CTPOUTH aHAJOTMYHO U3 JIOMAHBIX D-TH M 7-
MW 3BEHBEB, a YETHIPHAIATHYTOJTLHIKN KaK 7 + 7 3BEHBEB.

Pe3ome

B pesysbraTe mpoBeIeHHOIO UCCIEIOBaHUS B JAaHHOM paboTe, MbI JOKa3aIH
HECKOJILKO YTBEPKJICHUI, OIMMCBHIBAIONINX TPeOyeMble YCIOBUS HAXOXKICHUS
[IEJIOYUCTICHHBIX NUKINYECKUX MHOI'OYTOJIbHUKOB C IIEJIBIM PaJILyCOM OIIH-
CAHHOI OKPYKHOCTH, IIPUBEJIM aJITOPUTMBI U IIPOrPAMMBI JIJI KOMIIBIOTEPa,
a TaKzKe MHOXKECTBO IPUMEPOB HallJIEHHBIX MHOT'OYT'OJIbHUKOB.

26



Cchliknu
[1] R. H. Buchholz, J. A. MacDougall. Cyclic polygons with rational sides
and area. J. Number Theory 128, 1 (2008), 17-48

[2] K. R. S. Sastry. Construction of Brahmagupta n-gons. Forum Geom. 5
(2005), 119-126

[3] Ajai Choudhry, Cyclic pentagons and hexagons with integer sides, diagonals
and areas Serdica Math. J. 46 (2020), 307-322

27



